Abstract. We consider a thin elastic sheet in the shape of a sector that is clamped along the curved part of the boundary, and left free at the remainder. On the curved part, the boundary conditions agree with those of a conical deformation. We prove upper and lower bounds for the Föppl-von-Kármán energy under the assumption that the outof-plane component of the deformation is convex. The lower bound is optimal in the sense that it matches the upper bound in the leading order with respect to the thickness of the sheet. As a corollary, we obtain a new estimate for the Monge-Ampère equation in two dimensions.
1. Introduction 1.1. Scientific context. When large deformations occur in thin elastic sheets under the influence of external forces, they are said to enter the "post-buckling" regime. This is highly relevant for structural failure, which is one of the reasons why there has been a lot of interest in these phenomena in the physics and engineering community, see for example [CCMM99, Ven04, LW97, Wit07] . The cited works consider in particular the approximately zero-and one-dimensional structures where the elastic energy focuses: vertices and ridges. The formation of these structures is the defining feature of post-buckling phenomena.
In the mathematical literature on thin elastic sheets one can distinguish two main strands of work: First, the derivations of lower dimensional models starting from three-dimensional finite elasticity [Cia97, LDR95, FJM02, FJM06] , and second, the qualitative description of plate models through an analysis of the scaling behavior of the free elastic energy with respect to the small parameters in the model (such as the thickness of the sheet), see [BK14, BBCDM02, BCM17, KN13] . Using this second approach, some rigorous analysis of ridges and vertices has been carried out. More precisely, the variational analysis of folds can be found in [CM08] (based on [Ven04] ), and an investigation of the energy focusing in conical vertices in [BKN13, MO14] . In the latter the following has been proved: Consider a thin elastic sheet in the shape of a disc, and fix it at the boundary and at the center such that it agrees with a (non-flat) conical configuration there. Then the elastic energy scales like h 2 log 1 h . On a technical level, [CM08, BKN13, MO14] consider an energy functional of the form
where Ω ⊂ R 2 is the sheet in its reference configuration, y : Ω → R 3 is the deformation, and Id 2×2 is the the 2 by 2 identity matrix. The term |∇y T ∇y − Id 2×2 | 2 represents the (non-convex) membrane energy density, and the term h 2 |∇ 2 y| 2 represents the bending energy density. The definition of a variational problem is completed by the choice of suitable boundary conditions.
Focusing on the setting of conical deformations treated in [BKN13, MO14] , the nature of the problem changes drastically if one removes the constraint on the sheet at its center. In this way, one no longer has tensile stresses for every deviation from the conical configuration. Hence, one needs an argument of why so-called short maps 1 have large energy, which were excluded by the constraints imposed on the set of allowed deformations before.
2 Some progress in this direction has been obtained recently in [Olb17, Olb18, Olb19] . These works are based on the observation that the membrane term can be thought of as a penalization of Gauss curvature in a negative Sobolev space. The information contained in the boundary values (or, in the case of [Olb17, Olb18] , metric defects) has to be combined with the smallness of the Gauss curvature in the appropriate negative Sobolev space to obtain a lower bound for the bending energy.
The present work can be viewed as a continuation of this program. Here we will consider a thin elastic sheet in the shape of a sector with clamped boundary conditions on the curved part of the boundary. The rest of the boundary is left free. Instead of the functional (1), we will consider the so-called Föppl-von-Kármán energy (see equation (2) below), which assumes in particular a decomposition of the deformation into an in-plane component u : Ω → R 2 , and an out-of-plane component v : Ω → R, y(x) = x + (u(x), v(x)). The components are treated non-symmetrically in the energy. The Föppl-von-Kármán energy can be derived heuristically for small deformations from the geometrically fully nonlinear energy (1) and can be deduced rigorously from three-dimensional finite elasticity [FJM06] . One expects the minimizer to display a nearly conical shape. A cone would have infinite bending energy, so one expects some smoothing near the tip. An explicit construction of a competitor based on this idea straightforwardly leads to an upper bound of the form C 1 h 2 log 1 h + C 2 (see Section 2). As is usual in the context of thin elastic sheets, 1 We recall that a map y : R 2 ⊃ Ω → R 3 is short if for every curve γ ⊂ Ω, y • γ has shorter length than γ.
2 We refer the interested reader to the introduction of [Olb19] for a more detailed discussion of the relevance of short maps in post-buckling phenomena.
the corresponding lower bound is more difficult. Here, an understanding of the interplay between the two terms in the energy is more challenging in comparison with, say, GinzburgLandau [SS08] or Aviles-Giga [AG87] type functionals.
In the present context, such an understanding amounts to a quantitative version of the classical rigidity results for homogeneous solutions of the two-dimensional Monge-Ampère equation. By this we mean the following well-known dichotomy for solutions v ∈ C ∞ (Ω) of det ∇ 2 v = 0, where Ω ⊂ R 2 : For any x ∈ Ω, either ∇v is constant in a neighborhood of x, or there exists a line segment through x ending on the boundary of Ω on which ∇v is constant.
In fact, as has been shown by Korobkov, this is still true for C 1 functions v whose gradient image ∇v(Ω) is essentially one-dimensional [Kor09] (see also [Kor07] ). In the context of a conically constrained elastic sheet, one expects the image of the gradient to be approximately one-dimensional. The present article is partly inspired by Korobkov's work and his analysis of the preimages (∇v) −1 (y) where ∇v(Ω) is one-dimensional; we will consider instead preimages (∇v) −1 (A) of appropriately chosen sets A that are contained in the approximately one-dimensional image ∇v(Ω). In combination with the insights about the role of negative Sobolev norms as lower bounds for the membrane energy, this will yield our main theorem, an energy scaling law for a conically constrained thin elastic sheet (Theorem 1).
There is one significant caveat: We will impose the technical assumption that the out-ofplane deformation of the sheet is convex. From the physical point of view, this is quite a strong assumption. In fact, we believe that the two ingredients from above (analysis of preimages of the gradient and lower bounds by negative Sobolev norms of Gauss curvature) can in principle be used without the assumption of convexity. It will be seen in our proof below that their deployment does not depend on this assumption; it just seems that proofs -if possible -are much harder without it.
From the mathematical point of view, the convexity assumption can be justified by the fact that our main result yields as a direct corollary a new estimate for the Monge-Ampère equation in two dimensions, see Corollary 1. For the Monge-Ampère equation the assumption of convexity is standard in the literature.
1.2. Statement of main results. Let α ∈ (0, π/2), and let S ⊂ B(0, 1) ⊂ R 2 denote the sector of angle 2α, S = {r(cos ϕ, sin ϕ) : r ∈ (0, 1), −α < ϕ < α}. Let Γ := S ∩ ∂B(0, 1) denote the curved part of the boundary of S. For h > 0, u ∈ W 1,2 (S; R 2 ), and convex v ∈ W 2,2 (S), we define the Föppl-von-Kármán energy
The definition of the variational problem that we are going to investigate is completed by requiring appropriate boundary conditions, namely
where x ⊥ = (−x 2 , x 1 ), and arg :
is the function that maps r(cos ϕ, sin ϕ) to ϕ for r ∈ (0, 1), ϕ ∈ (−π, π). Note that the boundary conditions (3) are precisely those of the conical deformation (u 0 , v 0 ) given by
As a convenient piece of notation, we introduce the set of permissible deformations,
We are going to prove the following theorem:
Theorem 1. There exists a numerical constant C > 0 such that for h > 0 small enough, we have that
This can also be formulated as a theorem for the Monge-Ampère equation; here identify a Radon measure µ ∈ M(S) with its trivial extension to 2S and write
In the statement of the corollary, it is understood that ∇ 2 f L 2 := ∞ for any convex function f whose distributional second derivative is not in L 2 .
Corollary 1. Let v have the boundary conditions from above, and
where µ is some (non-negative) measure. Then for every ε small enough, we have
Remark 1. We point out that our estimate does not require that the right hand side is bounded away from zero, as is the case, e.g., for the well known estimates in regularity theory for the Monge-Ampère equation [Caf90, DPF13] .
Proof of Corollary 1. We may assume ∇ 2 v ∈ L 2 , otherwise there is nothing to prove.
Choose any u such that such that (u, v) ∈ A. Distributionally, we have the identity
where curl (w 1 , w 2 ) = ∂ 1 w 2 − ∂ 2 w 1 , and one of the curls is taken column-wise. Thus we may integrate by parts twice in the definition of det ∇ 2 v W −2,2 , and obtain
where "cof " denotes the cofactor matrix. Hence, using Theorem 1 with h = 2ε, we obtain
which proves our claim.
1.3. Sketch of proof of Theorem 1. The idea for the proof of our main theorem is the following: We identify v with its extension to 2S, where v(x) = |x| for x ∈ 2S \ S. A lower bound for the (square root of the) membrane energy is given bŷ
for anyΦ ∈ C ∞ c (2S) with ∇ 2Φ L 2 ≤ 1, see the calculation in the proof of Corollary 1. We will see that up to controlled factors and away from the boundary, one may takẽ Φ(x) = |x|. LetS ⊂ 2S be defined byS = {r(cos ϕ, sin ϕ) : ϕ ∈ I ⊂ (−α, α), r ∈ (ε, 1]} with ε h, such thatΦ|S is large in comparison to h. If the (Lebesgue) measure of ∇v(S) is large compared to h, then the integral (4) is large too. Since ∇v(S) contains ∇v(S ∩ Γ) =S ∩ Γ by the boundary conditions, we conclude that ∇v(S) needs to be approximately one-dimensional, see Figure 2a . Now consider the preimages of angles under ∇v, i.e., for ϕ ∈ I, the sets
where e ϕ := (cos ϕ, sin ϕ). l ϕS e ϕ y ϕ (b) The preimage of (0, ∞)e ϕ inS under ∇v contains one connected component that starts at e ϕ and exits the domain at y ϕ .
We have just argued that for most ϕ, |∇v| should be close to 1 on l ϕ , which we are going to assume from now on. We note that, again by the boundary conditions, there is one connected component of l ϕ that can be thought of as a curve starting in e ϕ and exitingS either at one of the lateral boundaries, see Figure 2b , or at ∂S ∩ {|x| = ε}. In the first case, i.e., if the exit point fromS is at a distance larger than ε from the origin, we may explicitly estimate the contribution of l ϕ to the integral (4) by a change of variables. This contribution turns out to be 3 (up to controlled factors) of the order ε, e ϕ eφ ρ Figure 3 . If there are two preimages of angles l ϕ , lφ such that a) they do not deviate much from the rays connecting the origin with e ϕ , eφ respectively for radii larger than ρ and b) |∇v| is close to 1 on these curves, then the bending energy density |∇ 2 v| 2 at radius ρ is bounded from below, since ∇v ≈ e ϕ on l ϕ and ∇v ≈ eφ on lφ.
which is large in comparison to h. This cannot happen for many ϕ, so for most ϕ we must have |y ϕ | = ε. This implies that there is a large amount of bending energy density at every radius ρ > ε, see Figure 3 . A judicious choice of ε yields the desired lower bound.
Notation. We set
We work with the reduced 'sectors'
that are missing the tip and two thin outer sectors. For M ⊂ R 2 , we write 2M = {2x : x ∈ M }. Apart from the function arg : B(0, 1)\{(x 1 , 0) : x 1 ≤ 0} → (−π, π) introduced above, we will also use the function arg S 1 : B(0, 1) \ {0} → S 1 defined by x → x/|x|. Subsets of (−π, π) will be identified with their image in S 1 under the map ϕ → e ϕ := (cos ϕ, sin ϕ).
The symbol "C" is used as follows: A statement such as "f ≤ Cg" is shorthand for "there exists a constant C > 0 that only depends on α such that f ≤ Cg". The value of C may change within the same line. For f ≤ Cg, we also write f g. The symbol H d denotes the d-dimensional Hausdorff measure, while L d is the d-dimensional Lebesgue measure.
Proof of the upper bound
Proof of upper bound in Theorem 1. Set u(x) = 1 2 (arg(x)x ⊥ − x) and, for every h > 0, set
and
In particular, the boundary values are satisfied. We find
On the other hand, the bending energy can be calculated precisely:
This shows the upper bound in Theorem 1.
3. Lower bound: Preliminaries.
Smooth approximation.
Here we show that we can assume v ∈ C ∞ if we restrict our analysis to a compactly contained subset of S.
Lemma 1. Let h > 0, α ∈ (0, π/2) and (u, v) ∈ A. Then for any compact K 2S and any δ > 0 there is a strictly convex
Proof. Extend v, u to 2S by setting
and note that L is compact. We set w ρ = v * η ρ , where η ρ = ρ −d η(·/ρ) and η ∈ C ∞ c ((B(0, 1)) with´R 2 η = 1 a standard mollifier. Note that for ρ ≤ dist(L, ∂2S), w ρ is well-defined, smooth, and convex in L. We estimate |∇u + ∇u T + ∇w ρ ⊗ ∇w ρ | 2 ≤ 2|∇u + ∇u T + ∇v ⊗ ∇v| 2 + 2|∇w ρ − ∇v| 4 , which is bounded by an integrable function in L, independently of ρ. By the dominated convergence theorem, we have
for every measurable U ⊂ L. On the other hand, by Jensen's inequality,
for every measurable U ⊂ L. However, w ρ is not strictly convex and does not satisfy the boundary conditions. In order to fix those, we set
with c(ρ) > 0 chosen such that ∇v ρ (x) = x on ∂B(0, 1) ∩ K. First we note that for |x| ≥ 1, v ρ is a radial function. Thus we may choose such a c(ρ). By continuity, c(ρ) → 0 as ρ → 0, and by the same reasoning as above we have lim sup
The statement follows by choosing ρ = ρ(δ) small enough.
) such that v is smooth and strictly convex on S 1 h , we write (u, v) ∈ A * . In that case, we writẽ
3.2. Curves of constant slope. In this subsection, we assume that (u, v) ∈ A * is fixed. For ϕ ∈ (−α + 2β, α − 2β), let
Lemma 2. For every ϕ ∈ (−α + 2β, α − 2β),L ϕ is a countable union of mutually disjoint smooth curves ending either on ∂S h,ϕ or in the critical point of v.
Proof. Away from the critical point of v, the function x → arg S 1 (∇v(x)) is C ∞ . By the strict convexity, all ϕ ∈ S 1 are regular values, and their preimages are 1-dimensional smooth manifolds by the implicit function theorem.
Definition 2. We denote by L ϕ the connected component ofL ϕ containing e ϕ . By Lemma 2, L ϕ is a smooth curve. One of its endpoints is e ϕ ; the other endpoint will be denoted by y ϕ , which lies either on ∂S h,ϕ or in the critical point of v.
Definition 3. An angle ϕ ∈ (−α + 2β, α − 2β) is called good if
Otherwise, ϕ is called bad. Let B denote the set of bad angles.
3.3.
Definition of a suitable test function for the membrane term. Let η 1 ∈ C ∞ c (h, 2) with η 1 ≥ 0 and η 1 = 1 on (h * , 3 2 ), and
and Φ(x) = η(x)|x| .
Lemma 3. We have that Φ ∈ C ∞ c (S 1 h ∪ 2S 1 h ), Φ(x) = |x| in S 2 h , and
ENERGY SCALING FOR A CONICALLY CONSTRAINED SECTOR
Proof. The first two statements are obvious from our definition. To prove the last one, we use polar coordinates ρ, θ. We have Φ = η 1 (ρ)η 2 (θ)ρ and calculate
and hence we get the estimate
Estimating the set of bad angles
Here we show that if the energy is small, most angles ϕ ∈ (−α + 2β, α − 2β) are good.
Proposition 1. Assume that (u, v) ∈ A * and thatẼ h (u, v) ≤ h 2 (log 1 h ) 2 . Then the size of the set of bad angles can be estimated by
Proof. We shall use the test function Φ constructed in Section 3.3 as follows: We extend u and v by setting u(x) = 1 2 arg(x)x ⊥ − x and v(x) = |x| for x ∈ 2S 1 h \ S 1 h . We test the term ∇u + ∇u T + ∇v ⊗ ∇v against cof ∇ 2 Φ (see the proof of Corollary 1) to obtain
First note that bad angles in the lateral intervals (−α + 2β, −α + 3β) and (α − 3β, α − 2β) contribute at most 2β to the size of B. To deal with all other angles, we let
Here we have used the fact that ∇v is a monotone function (i.e., A ⊂ B iff ∇v(A) ⊂ ∇v(B)) thanks to the convexity of v. Inserting the definition of h * , β, we see that L 1 (R 1 ) log
By (8) we can also estimate, using a change of variables, and the fact that |∇v(
Here γ ϕ : [0, |L ϕ |] → S h is the arc-length parametrization of L ϕ starting in γ ϕ (0) = e ϕ and ending in γ ϕ (|L ϕ |) = y ϕ . We note that d ds |∇v(γ ϕ (s))| < 0 by the strict convexity of v. Since for all ϕ ∈ R 2 , we have that | arg y ϕ − ϕ| = β, (i.e., L ϕ exits S h,ϕ laterally) we can use Lemma 4 below to obtain a uniform lower bound for the interior integral:
Hence we get
, which proves the proposition. 
Proof. We will repeatedly use the fact that ∇v(γ ϕ (s)) = e ϕ |∇v(γ ϕ 
Proof of the lower bound
With Proposition 1 in place, we are ready to prove our main theorem.
Proof of the lower bound in Theorem 1. Assume that (u 0 , v 0 ) ∈ A satisfies the upper bound proved in Section 2, i.e., E h (u 0 , v 0 ) ≤ 2αh 2 (log 1 h + C). By Lemma 1, we may consider instead (u, v) ∈ A * withẼ h (u, v) ≤ E h (u 0 , v 0 ) + δ with δ arbitrarily small. We claim that for s ∈ (h * , 1), the curve 
Indeed, for every ϕ ∈ B, we have that Imγ s ∩ arg −1 (ϕ) \ B(0, 1 − β) = ∅ .
Hence, using Proposition 1, we have that This completes the proof of Theorem 1.
